We prove that the stress tensor conservation equation expressing the local equilibrium condition of a body results from the invariance of its partition function under canonical point transformations. From this result the expression of the stress tensor of a general atomistic system (with short range interactions) in terms of its microscopic degrees of freedom can be obtained. The derivation, which can be extended to encompass the quantum mechanical case, works in the canonical as well as the micro-canonical ensemble and is valid for systems endowed with arbitrary boundary conditions. As an interesting by-product of our general approach, we are able to positively answer the old question concerning the uniqueness of the stress tensor expression. 
Introduction
Numerical simulations represent today an invaluable tool of investigation in many research areas, ranging from quantum field theory and quantum chemistry to applications in weather forecasting and more recently in the emerging area of system biology. The key feature of the numerical approach, which makes it so powerful, lies in the fact that it allows a formulation of the physics of the problem under consideration in terms of the fundamental degrees of freedom that are considered relevant for an adequate description of the system. In many important instances, like low-dimensional spin systems, quantum chromo-dynamics, diffusive fluids and a fairly large number of important biological systems (among which we would like to mention cell membranes, macromolecules, ion channel dynamics modeling, etc.) numerical simulations have gone a long way and quite accurate results are nowadays available. It should be stressed, however, that in view of the many subtleties and problems posed by the numerical approach, it is of the utmost importance to have general guiding principles allowing a clear-cut resolution of every possible ambiguity and leading to consistent formulae in all possible simulation conditions. Our point of view is that these guidelines should be found in the general methods of statistical mechanics, even though in many cases useful results can also be derived from alternative, more direct, considerations. In this paper we wish to illustrate the strength and effectiveness of this general philosophy by discussing the problem of the construction of the stress tensor of a body in terms of its elementary degrees of freedom. This problem has a long history and it has been considered in the past by a number of authors. A far from exhaustive list of papers dealing with the classical and quantum case can be found in [1] [2] [3] [4] [5] [6] [7] and [8, [10] [11] [12] [13] [14] [15] , respectively, as well in the many references quoted therein. Despite these many efforts a number of important questions have remained open. Among them we would like to mention the problem of identifying what is the invariance of the partition function which entails the conservation of the stress tensor (the latter expressing the local condition for the system mechanical equilibrium), the lack of a proper extension of the classical formula to the quantum mechanical case and the puzzling issue of the possible non-uniqueness of the stress tensor expression. Exploiting the general methods of statistical mechanics in this work
• we prove that the invariance of the partition function under (trivial) "canonical diffeomorphisms" yields via the Nöther theorem the sought for conservation of the stress tensor.
• Comparing with the conservation equation in the presence of an external force, we obtain an explicit expression of the body stress tensor in terms of its elementary degrees of freedom.
• We get in this way a formula valid in any statistical ensemble and
• for systems endowed with arbitrary boundary condition,
• which can be readily generalized to encompass the quantum mechanical case.
• Finally we address the issue of the uniqueness of the stress tensor expression, showing that the expression we have derived is indeed unique.
The plan of the paper is as follows. In Section 2 after fixing our notations and stating the physical problem we want to tackle, we provide a local formula for the stress tensor of a system, lifting to the level of statistical mechanics its thermodynamic definition [16] . In Section 3 we derive the conservation law of the stress tensor, which expresses the system equilibrium condition, from the invariance of the partition function under (trivial) canonical diffeomorphisms. In Section 4 we extend the argument to tackle the quantum mechanical case and in Section 5 we discuss the issue of the uniqueness of the expression of the stress tensor going back to its basic definition as the response of the (logarithm of the) partition function under a local deformation of the metrics of the space where the system lives. Conclusions can be found in Section 6.
General considerations: defining the stress tensor
The possibility of defining a local stress tensor of a continuous system rests on the crucial assumption that the interaction among the parts of the system is short-range [16] . This translates into the fact that, given any small volume , the total force resulting from the sum of all the infinitesimal forces acting on each element of can be represented as the integral of a two-index tensor extended over the surface, , surrounding , i.e. in formulae
where D is the number of spatial dimensions and F ( ) represents the force per unit of volume at . This equation shows that the quantity τ ( ) σ is the -th component of the force acting on the surface element with component σ at the point , and τ ( ) is what is usually called the (local) stress tensor. The further consideration of the momentum of the forces enables to conclude in the standard fashion [16] that τ is a symmetric tensor. One can rewrite the r.h.s. of Eq. (1) as a volume integral and deduce the local formula (∇ ≡ ∂/∂ )
which tells us that the divergence of the stress tensor is the force per unit volume acting on the system at the point . In the absence of external forces the equilibrium condition is expressed by the conservation equation
If an external force per unit volume, F ext ( ), is applied, the equilibrium condition takes the form
Deformation tensor
Besides the above "mechanical" definition, it is possible to give an equivalent "thermodynamic" definition of the stress tensor by considering the work done by the stress forces in response to a small "deformation" of the body.
To arrive at this definition we must first make more precise the notion of deformation. Let be the D-dimensional vector representing the position of a point of the system. Following [16] , we call deformation the (smooth coordinate) transformation
which changes the vector into the new vector = ( ). The vector field ( ) is such that the deformation (5) is not going to affect the boundary conditions imposed on the system. The change of the relative distance between pairs of points is expressed by the equation
where
is the associated body deformation tensor.
Thermodynamic definition of τ
The work done by the stress force (2) under the deformation (5) is given by the elementary formula
where the second equality follows from an integration by parts. The corresponding work per unit volume is then
At this point one can decide to formulate the thermodynamics of the system either at fixed energy or at fixed temperature. At fixed energy, from the first principle of thermodynamics, E = T S + τ η (where E and S are the (internal) energy and entropy per unit volume of the system, respectively), one immediately gets
In the second case the appropriate thermodynamic state function is what particle physicists use to simply call "free energy" (more precisely termed the Helmholtz thermodynamic potential), i.e. the function A = E − T S. Referring again to a unit volume and plugging the first principle into A = (E − T S), one obtains
and hence at fixed temperature
Statistico-mechanical definition of τ
The interesting fact about the formulae (10) and (12) is that they can be readily translated into the language of statistical mechanics (both in the classical and in the quantum mechanical case). This follows from the observation that S and A are just (proportional to) the logarithm of the partition function of the micro-canonical and canonical ensemble, respectively. In the next sections we will show that it is possible to get a microscopic expression of τ in terms of the fundamental degrees of freedom of the system by lifting Eqs. (10) and (12) to the following statistico-mechanical formulae
valid in the micro-canonical and canonical ensemble, respectively. In the above equations the symbol δ/δη ( ) means functional derivative. The technical problem with Eqs. (13) is that for the purpose of performing the functional derivative of the partition function with respect to the components of the η tensor, the latter should be treated as D(D + 1)/2 unconstrained quantities. However, physically they are not unconstrained as, according to Eq. (7), they are only D secondary quantities built up in terms of deformation vector field, . The way to solve this problem is explained in Sec. 5 where we show that one can treat the η components as independent at the price of introducing suitable Lagrange multipliers to enforce the geometrical constraint (7).
Canonical diffeomorphism and the invariance of the partition function
Consider a general system composed by N elementary particles, described by the pairs of canonical coordinates = 1 2 N, interacting through the short-range potential [{ }]. Owing to translational invariance [{ }] will only be a function of the particle relative distances, = | − |. For future use it is convenient to also introduce an external potential ext [{ }]. The Hamiltonian of the system will have the form
In the language of statistical mechanics the thermodynamics of the system can be described making recourse to the notion of partition function. Working, for concreteness, in the canonical ensemble (but all the arguments that follow would similarly go through in the micro-canonical ensemble [17] ), one introduces the Helmholtz free energy from the well-known formula (1/β = B T )
The key observation now is that, if the point transformation
is complemented with the conjugate transformation
one gets a local canonical transformation (canonical diffeomorphism) which leaves invariant the partition function integration measure. One can then ask what is the conservation law associated to this invariance. We want to prove that this is exactly the mechanical equilibrium condition expressed by the conservation equation (4) . In fact, since the pair of transformations (18) and (19) can be viewed as a change of variables, one can derive the obvious identity
which shows that the last quantity is actually independent of the point deformation vector, . Thus the functional derivative of the (logarithm of the) partition function with respect to ( ) must vanish. This condition must be imposed while recalling that, owing to the fact that the interaction potential is short-range, only particles at distance smaller than some molecular cutoff can interact. This is like saying that we can expand to first order in particle distances, getting (see Eq. (7)
Exploiting these formulae, from the invariance of the partition function under the transformations (18) - (19), one obtains after some algebra the equation
Comparing with the conservation equation (4), one can read off the expression of τ obtaining
(26) We remark that the presence of an external force has been essential to provide an absolute normalization for the expression of the stress tensor.
We end this section with two remarks. 1) Once a local expression for τ , like the one inside the bracket of Eq. (26), has been obtained, one can use it to "monitor the time behaviour" of the stress tensor in a molecular dynamics simulation. Obviously, if the system evolution is ergodic, the time average will coincide with micro-canonical ensemble average.
2) The formula we get in Eq. (26) is in agreement with the expression derived in the seminal paper of ref. [1] , if we restrict to the case of a short-range potential. This restriction is conceptually crucial as only in this circumstance a local stress tensor can exist. This limitation has also the virtue of eliminating in the equation reported in ref. [1] certain ambiguities related to the choice of the path connecting pairs of interacting particles.
The stress tensor in quantum statistical mechanics
In a quantum mechanical framework the partition function which describes the statistical mechanics of a system takes the form
in the canonical ensemble and
in the micro-canonical one, where qu [{ } { }] in both formulae is the quantum mechanical operator which represents the hamiltonian of the system. Concretely in the coordinate representation ( -representation) qu [{ } { }] is obtained from the expression of the classical hamiltonian (Eq. (15)) with the replacement → −ι¯ ∂/∂ (correspondence principle).
We will limit to explicitly illustrate the construction of the stress tensor in the case of the canonical ensemble, because, as it will be apparent from the analysis that follows, the construction in the micro-canonical case can be dealt with in a completely analogous way, similarly to what happens in the classical case [17] .
Point-transformations in quantum mechanics
To construct the stress tensor in the quantum mechanical case we will exploit the power of the observation mentioned at the end of Sec. 3, i.e. we will identify the expression of the stress tensor by comparing the equation which gives the mechanical equilibrium condition of the system with the explicit formula one gets from the quantum analog of the classical invariance of the partition function under canonical diffeomorphisms. To this end we first need to determine the form of the unitary operator, [{ }] , that implements the (infinitesimal) point-transformation (18) . From the requirement
one gets, to first order in (which is the case of interest to us)
With the aid of Eq. (29) and the formula 
We explicitly notice that the complicated expression in Eq. (33) comes about because our ( ) parameter is a coordinate dependent function which does not commute with the canonically conjugate momentum operator, .
Unitary transformations and the invariance of the quantum partition function
The invariance of the quantum partition function, qu under point-transformations follows from the trivial identity
This statement remains true if also we add an external potential to qu [{ } { }] and consider the augmented system described by the Hamiltonian
Analogously to what we did in the previous section to derive the conservation law (24), in order to deduce the expression of the stress tensor, we proceed by exploiting the equation ensuing from the vanishing of the functional derivative of the quantum mechanical partition function of the augmented system with respect to the parameters ( ) appearing in the unitary operator (30). The calculation proceeds by first computing the variation of 
and then by expressing the invariance of the quantum partition function under the unitary transformation [{ }] through the condition
The second equality in Eq. (37) is not completely trivial because we are dealing there with operator functions which do not necessarily commute. However, one can convince oneself that under the trace the reordering of operators implicit in the way the above formula has been written is perfectly legitimate. From now on, the calculation is pretty much analogous to the one we carried out in Sec. 3. An important point worth emphasizing is the somewhat complicated form taken by the variation of the kinetic term of the quantum hamiltonian. In spite of this complication, the resulting functional derivative can be cast in the form of the divergence of a two index symmetric tensor. Indeed one gets for τ ( ) (compare with Eq. (26))
where the bracket qu means ensemble average, i.e.
The uniqueness issue
The trouble with the procedure we have just outlined is that a priori it fixes the form of the stress tensor up to an arbitrary, symmetric and divergenceless tensor, as only the quantity ∇ τ is computed. In this section we want to prove that the expression (26) (or (38) in the quantum mechanical case) is indeed the correct one, in the sense that no extra tensor annihilated by the operation of taking its divergence should be added to it. In order to address this question it is convenient to take the so-called active point of view and imagine (as suggested in refs. [6] , [7] and [18] ) that from the "outside" we deform the D-dimensional metric of the space, as displayed in Eq. (6). We then compute the variation of the free energy of the system described by the hamiltonian (14) under the combined action of independent body deformations, η , and a point translation, . We find for the variation of the free-energy
To compare with previous equations it is convenient to introduce in each term of the sum over , the identity 
The stress tensor definition provided by Eq. (12) is obtained imagining that only a deformation described by the tensor η has been performed on the system. Then, setting = 0, a comparison of Eq. (41) with (12) again yields the formula (26) for the stress tensor. The argument proves that the thermodynamic formula Eq. (12) yields a unique, well defined expression for τ ( ). An observation is in order here. Actually also the second term in the r.h.s. of Eq. (41) can be rewritten in terms of η . Indeed with some algebra one can derive the equation
is the number density at the point , and we have used the fact that an external potential is such if it acts independently on each particle of the system, i.e. if it has the form U ext [{ }] = N =1 ext ( ). Obviously, if one wishes, the term δ ρ( ) ext ( ) can be introduced in the definition of the stress tensor obtaining
It is worth noticing that this "augmented" stress tensor is divergenceless.
Consistency
Naturally, unlike what we have momentarily assumed to be the case in the previous section, in actual physical terms η and are necessarily related by Eq. (7), otherwise one will be deforming the system in the D+1-th dimension, something which in reality is impossible. In other words the constraints (7) ensure that the diffeomorphism (18) is a flat (i.e. a trivial) one (no curvature), so that the tensor η has only D functionally independent components. We want to show that the procedure we have outlined in Sec. 5 is nevertheless perfectly consistent, and leads to the correct answer for the stress tensor. To this end we start by noticing that, if we enforce the constraints (7), and require that the (virtual) work done by the system vanishes under a reversible flat deformation of the body, we should find back Eq. (4) which expresses the fact that the system is in mechanical equilibrium. We now show that this is indeed the case. To write down the expression of the virtual work we will use the standard Lagrange multiplier method to enforce the constraints (7), and exploit the observation that, in a reversible transformation, the variation of free energy, (η ), equals the opposite of the work done by the system, − δ rev (η ). We thus obtain for the virtual work done by the system
where τ is given by Eq. (26) in the classical limit (or by Eq. (38) in the quantum mechanical case) and the constraints ( 
Conclusions
In this work using the methods of statistical mechanics, we have given a simple and general derivation of the microscopic (expression of the local) formula for the stress tensor of an atomistic system valid in any statistical ensemble and both in the classical and the quantum case.
The approach exploits the invariance of the partition function under canonical or, respectively, unitary infinitesimal point-transformations of canonical variables. The stress tensor is identified by looking at the response of the system to an external force. The strategy we are advocating can be applied to systems with any type of boundary conditions. The latter are, in fact, encoded in the boundary conditions to be assigned to the deformation parameter ( ). Formulae for the cases of impenetrable, perfectly reflecting, walls and of PBC's can be explicitly worked out [17] . In the course of the argument we have also shown that a truly local form of the stress tensor can only exist for systems endowed with short-range potentials.
In the quantum mechanical setting the structure of the kinetic contribution to the local expression of τ looks somewhat complicated. However, this is precisely what is needed for the stress tensor to be a self-adjoint operator. Mathematically its peculiar form follows from the non-commutativity of the point-dependent deformation parameter, ( ), with the conjugate momentum operator .
